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Purpose of this talk

• Introduce you to CPS transformations

• Give you my understanding of classic results
(reinvent them from a different angle)

• Gather comments about an upcoming draft

The medium
Build incrementally an optimized CPS
“one-pass, β-normal, properly tail-recursive”

The message
Tools to engineer transformations based on:

• tight (typed) syntax

• optimization analysis

2 /19



Purpose of this talk

• Introduce you to CPS transformations

• Give you my understanding of classic results
(reinvent them from a different angle)

• Gather comments about an upcoming draft

The medium
Build incrementally an optimized CPS
“one-pass, β-normal, properly tail-recursive”

The message
Tools to engineer transformations based on:

• tight (typed) syntax

• optimization analysis

2 /19



Continuation-passing styles

A CPS transformation is

• a semantic artifact
(' operational/denotational/process/. . . semantics)

• an intermediate language in compilers
(complex language→ simpler language)

• a proof transformation
(classical→ intuitionistic)

• a programming technique

• . . .

Many variants, long, long history

• here: call-by-value
(exercise: call-by-name)
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Example: CPS for compiler construction

1974
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Example: CPS for compiler construction

1993
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Example: CPS for compiler construction

2007
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Outline

1. Fischer & Plotkin’s original CPS transformation

2. One-pass CPS (through Control-Flow Analysis)

3. The syntax of CPS terms (through syntax aggregation)

4. Proper transformation of β-redexes

5. Proper transformation of tail calls
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Fischer & Plotkin’s original transformation

M ::= λx. M |M M | x | letx =M inM ∈ Exp

¹·º : M→M

¹xº = λk. k x

¹λx. Mº= λk. k (λx.¹Mº)

¹M Nº= λk.¹Mº (λm.¹Nº (λn. m n k))

¹letx =M inNº= λk.¹Mº (λx.¹Nº k)

Properties

Simulation ¹evalv(M)º' evalv(¹Mº (λx. x))

Indifference evalv(¹Mº(λx. x))' evaln(¹Mº(λx. x))
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Problem “administrative redexes”

¹xº = λk. k x

¹λx. Mº= λk. k (λx.¹Mº)
¹M Nº= λk.¹Mº (λm.¹Nº (λn. m n k))

¹letx =M inNº= λk.¹Mº (λx.¹Nº k)

Examples

• ¹λx. xº= λk. k (λxk. k x)

• ¹(λx. x)(λx. x)º=
λk. (λk. k (λxk. k x)) (λm. (λk. k (λxk. k x)) (λn. m n k))

Proposition
Translate, then reduce administrative redexes (two passes).
But how to distinguish administrative/source redexes?
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Analysis Control flow in the CPS

¹xº = λk. k x

¹λx. Mº= λk. k (λx.¹Mº)

¹M Nº= λk.¹Mº (λm.¹Nº (λn. m n k))

¹letx =M inNº= λk.¹Mº (λx.¹Nº k)

1. where can the λk. occur in the residual term?

2. which terms can be denoted by the k?

3. where do these k occur?

4. what are the static abs. λx. T and app. T[U]?

5. are there variable mismatches?
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Result The one-pass CPS transform
(Danvy & Filinski, Representing Control, 1991)

¹·º · : M→ (M→M)→M

¹xº κ= κ[x]

¹λx. Mº κ= κ[λxk.¹Mº[λM. k M]]

¹M Nº κ= ¹Mº [λM.¹Nº (λN. M N (λv.κ[v]))]

¹letx =M inNº κ= ¹Mº [λM. letx =M in¹Nº[λN.κ[N]]]

¹·º : M→M

Examples

• ¹λx. xº= λk. k (λxk. k x)
• ¹(λx. x) (λx. x)º= λk. (λxk. k x)(λxk. k x)(λv. k v)
• ¹λfx. f xº= λk. k (λfk. k λxk. k (fx(λv. k v)))
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Question What is the structure of CPS terms?

¹xº κ= κ[x]

¹λx. Mº κ= κ[λxk.¹Mº[λM. k M]]

¹M Nº κ= ¹Mº [λM.¹Nº (λN. M N (λv.κ[v]))]

¹letx =M inNº κ= ¹Mº [λM. letx =M in¹Nº[λN.κ[N]]]

¹Mº= λk.¹Mº [λM. k M]

Quiz
Is there M s.t. ¹Mº= λk. k (λxk. x)?

What is the image of the one-pass CPS transform?

Motivation
A precise syntax for CPS terms?
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Analysis Output syntax of the one-pass CPS

¹·º · : M→ (M→M)→M

¹xº κ= κ[x]

¹λx. Mº κ= κ[λxk.¹Mº[λM. k M]]

¹M Nº κ= ¹Mº [λM.¹Nº (λN. M N (λv.κ[v]))]

¹letx =M inNº κ= ¹Mº [λM. letx =M in¹Nº[λN.κ[N]]]

¹·º : M→M

¹Mº= λk.¹Mº[λM. k M]

S ::=

k T | T T (λv. S) | letx = T inS

Serious terms

T ::=

λxk. S | x | v

Trival terms

P ::=

λk. S

Programs
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Result The syntax of CPS terms

S ::= k T | T T (λv. S) | letx = T inS Serious terms

T ::= λxk. S | x | v Trival terms

P ::= λk. S Programs

Notes

• distinguished x (source), v (value), k (continuation) var.

• (λv. S) is a continuation

• programs await the initial continuation

• the continuation monad

To go further
With typed input/output syntax, we can deduce typing of CPS
terms (see draft).
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Problem β-redexes or lets?

¹(λxy. x) a bº=
λk. (λxk. k (λyk. k x)) a (λv. v b (λw. k w))

Remarks

• two representations for redexes in CPS terms
(β redexes and let)

• let gives more compact CPS terms

• no more apparent β-redexes with let

• . . . if considering nested β-redexes

Motivation
More compact CPS terms (Sabry & Felleisen, 1993) (Danvy 2004)
let reordering optimizations

Proposition
Nested redexes→ lets, then CPS-transformation (2-pass)?
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Analysis The syntax of β-normal CPS terms

S ::= k T | T T (λv. S) | letx = T inS Serious terms

T ::= λxk. S | x | v Trival terms

P ::= λk. S Programs

Remarks

• identifiers = “atomic terms”

• CPS is now context-sensitive

14 /19



Analysis The syntax of β-normal CPS terms

S ::= k T | T T (λv. S) | letx = T inS Serious terms

T ::= λxk. S | x | v Trival terms

P ::= λk. S Programs

Remarks

• identifiers = “atomic terms”

• CPS is now context-sensitive

14 /19



Analysis The syntax of β-normal CPS terms

S ::= k T | I T (λv. S) | letx = T inS Serious terms

T ::= λxk. S | I Trival terms

I ::= x | v Identifiers

P ::= λk. S Programs

Remarks

• identifiers = “atomic terms”

• CPS is now context-sensitive

14 /19



Analysis The syntax of β-normal CPS terms

S ::= k T | I T (λv. S) | letx = T inS Serious terms

T ::= λxk. S | I Trival terms

I ::= x | v Identifiers

P ::= λk. S Programs

Remarks

• identifiers = “atomic terms”

• CPS is now context-sensitive

14 /19



Result CPS transformation of β-redexes (Danvy, 2004)

¹xº κ= κ[x]

¹λx. Mº κ= κ[λxk.¹Mº[λM. k M]]

¹M Nº κ= ¹Mº [λM.¹Nº (λN. M N (λv.κ[v]))]

¹letx =M inNº κ= ¹Mº [λM. letx =M in¹Nº[λN.κ[N]]]
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Problem η-redexes for tail calls

¹λx. f x (g x)º=
λk. k (λxk. g x (λv. f v (λw. k w)))

Remark

• tail calls generate “η-redex”

• induces more (administrative?) substitutions

Motivation
Support for tail calls in later passes

Proposition
CPS-transformation, then η-reduction?
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Analysis The syntax of tail-recursive CPS terms

P ::= λk. S Programs

S ::= k T | I T (λv. S) | letx = T inS Serious terms

T ::= λxk. S | I Trival terms

I ::= x | v Identifiers

• continuations can be k

• continuations cannot be (λv. k v)
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Conclusion

In the draft

• the first CPS
É one-pass
É tail-recursive
É β-normal
É in a dedicated syntax

• all the code in OCaml

• simply typed input/output syntax (GADT)
(type-preserving transformations)

“Type-directed transformation optimization”

pathological example  optimization

  syntax/typing modification

  algorithm modification
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